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Abstract: In this article it is explicitly shown that the matrix elements of 
CPq{n) are the annihilation operators of Pusz-Woronowicz (P-W) oscillators 
provided they are rescaled. 


1. Introduction 


Recently, using the first order differential calculus and the second quan¬ 
tization procedure the algebra of q'-oscillators covariant under the coaction of 
the unitary quantum group SUq{n) was given by Pusz and Woronowicz [1], 
Wess and Zumino [2] have developed a differential calculus for the quantum 
hyperplane which is covariant under the action of GLq{n). In Ref. 3 it has 
been shown that the unitary quantum group Uq{n) can be constructed in terms 
of n(n-l)/2 q'-oscillators and n-commuting phases. This approach shows that 
the quantum projective space CPq{n) can be identihed with n g-oscillators. 

A new realization of the quantum group SUq{2) has been obtained by 
introducing a g-analogue of the usual harmonic oscillator and using the Jordan- 
Schwinger mapping [4,5]. For early studies on the q'-oscillator see Arik et al 
[6,7]. Similar deformations of the quantum harmonic oscillator algebra have 
attracted a lot of attention [8-17]. 

The purpose of this study is to show that the elements of the matrix rep¬ 
resentations of the quantum projective space CPq{n), by using the representa¬ 
tions found in [3], are the covariant annihilationoperators of Pusz-Woronowicz 
(P-W) oscillators. 

In section 2 we introduced the quantum group SUq{2). And also we showed 
the matrix elements of SUq{2) can map to a Biedenharn-Macfarlane (B-M) 
oscillator algebra [4,5]. In section 3 we proved that the matrix elements of 
CPq{n) are the annihilation operators of (P-W) oscillators. The results has 
been discussed in section 4. 

2. The quantum group SUq{2) and g-oscillators 

The quantum group SUq{2) consists of all matrices of the form 



where 

ab = qba, ab* = qb*a, bb* = b*b, (2.1) 

aa* + q'^bb* = 1, a*a + bb* = 1, (2.2) 

and 0 < g < 1 {q E 71). 

The ^-operation is dehned as follows: 

(a)* = a"*" and (a"*")* = a. 



From the equations in (2.2) one obtains 


aa* — q^a*a = 1 — q^. (2.3) 

This equation can be used to dehne our g-oscillator [3] where the operator a* 
is the creation and its hermitean conjugate a is the annihilation operator.Note 
that the normalization of the oscillators is chosen so that in the q ^ 1 limit 
this operators commute and gives c-numbers. The spectrum of the g-oscillator 
dehned by equation (2.3) is completely hxed for 0 < o' < 1 and it is shown 
that [3] 

a*a = l- q^^ = [A^]g (2.4) 

where N is the number operator. From this we can get immediately 

[A^, a] = —a, [A^, a*] = a*. (2.5) 

Now if a is dehned as follows 

a = (1 - q”/^ a, 

then 

a* = (1 - g2)i/2 a+ qm 

is obtained. Here = N. Then (2.3) becomes 

aqa+ - ga+ag = g"^. (2.6) 

It follows that the matrix elements of the two-dimensional representation of 
SUq{2) can be mapped to a (B-M) oscillator algebra, i.e. the algebra (2.3,5) 
is equivalent to (B-M) oscillator algebra. Note that although for 0 < g < 1 
equations (2.3) and (2.6) are related by just a rescaling, in the g ^ 1 limit 
they are fundamentally different. In this limit the oscillator creation and anni¬ 
hilation operators in (2.3) are commutative so that a and a* can be considered 
as commuting complex numbers. 

3. The quantum projective space CPq{n) and covariant g-oscillators 

Now the quantum group SUq{n) is discussed. It can be shown that any 
element of SUq{n) can be expressed uniquely as [3] 

n—1 n—1 

M = n n Xi,i+i(A) 

k=l i=l 


H = Y[ Mi^i+i{ai) 

i=l 


and 


(3.1) 



being identified with the matrix representatives of the n-dimensional quantum 
projective space CPq{n). Here each is the matrix whose 2x2 diagonal 

block in the i,i + 1 position is a g-oscillator matrix 

/ tti 

a* 

and the remaining diagonal elements contain 1, and all the elements apart 
from these are zero. In (3.1) each a* is a g-oscillator and their properties are 
determined by the commutation relations, 


'ai,aj\ = 0 = [a-, a*], i,j = 1,2, ...,n 

(3.2a) 

[ai,a*] = (1 - 

(3.26) 

[ttj, IVj] SijCii, [oj, IVj] , 

(3.2c) 


where 5ij denotes the Kronecker delta. 


In the matrix H given by (3.1) instead of taking the n-1 ads as independent 
one can take the first n-1 elements of the first row as independent. Then it can 
be shown that these elements can be shown they are the annihilation operators 
of (P-W) oscillators [1]. Note that the first elements taken are 

a= (l-g2)i/2 ^ 

a* = {1 - A+. (3.3) 


In fact, if we take 


Ak 


(1 - 



fork 


2,3, ...,n 


where Xi = {1 — and 


.4, = (1 - 


one has 

AiAj = qAjAi, i < j 

AA+ = qA+Ai, 

> j 

A At - q^AfAi = l + {q^-l)Yt A+AAk. 

k<i 


(3.4) 


(3.5) 


Now let’s take 


ai — Ai. 



For a representation in a Hilbert space where al denotes the hermitean conju¬ 
gate of tti, the eigenvalues of A^Ai are real and non-negative. Moreover, by 
the relation (2.2) the operator AfAi is bounded and the eigenvalues of this 
operator are in the interval [0,1). Thus one can take 

a2 = (1 — A'^Ai) ^^‘^A2. 


We require that the relations which will be obtained, after the dehning the 
transformations, are the same with the relations (3.2). Thereby we will take 



ai = (1 - 

(3.6a) 


a2 = (1 - q^y^^X-^A2, 

(3.6b) 

where 

X^ = AiAf - AfAi. 


Note that 

AiX^ = g^X^Ai, A+X^ = g-^X^A+, 

AiX^^ = g^^X^^Ai, X^^Af = g^^X^^Af, 

(3.7) 


IA2,X^] = 0=IA+,X^]. 



Now by using the commutation relations (3.5) and (3.7) it is easy to check 
that the relations (3.2) are invariant under the transformations (3.6). Indeed, 
for example. 


Cll<l2 — (1 ~ (i^)AiX ^ A 2 — (1 — <f‘)X ^A2 Ai — 020-1. 

Consequently, we have shown that there is a one to one correspondence between 
the matrix elements of the matrix representation of CPq{n) and covariant (P- 
W) oscillators. 

In the general case, one can take 

a, = (1 - 


and for k = 2, 3,..., n 


fk-l 


Ok 


= (1 - n -4, 


(3.8) 


^ 2=1 


where 


X- = (AAf - AfA,) 

and a straightforward computation shows that the relations (3.2) are satished. 



4. Discussion 


In this study by taking the matrix elements of the unitary quantum group 
as the independent g-oscillators we proved that the entries of the matrix rep¬ 
resentations of the quantum projective space CPq{n) are the annihilation op¬ 
erators of Pusz-Woronowicz oscillators. 

The quantum projective space has two different q 1 limits. In the hrst 
case it reduces to the ordinary complex projective space CP{n) and in the 
other case it reduces to the n-dimensional ordinary oscillator. 
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